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Derivation of formulafor A !
i=1

n n+1 n
a (i (i +1) =ai*=3i° +(n +1)3 - 1° (from property of summation)
i=1 i=2 i=1
but: § (i+1)° =4 (i®+3i*+3i+1)
i=1 i=1
from RHS of (2) and substituting g i = N0+Y g al=n:
i=1 i=1

3n(n+1)+

Qit+3qi%+39i+9 1=8i° +39 i*+

i=1 i=l i=1 i=1 i=1 i=1

equating RHS of (3) and RHS of (1):

2. d +1 2
&+3§ I2+3n(n2 )+n:>N+(n+l)3-1
i=1 i=1 i=1

after rearrangi ng:

J_ Nn+Du
— n+1

ai=5gny "2

e 3 2 3ny

3n°+3n+ n-—n 2

8n 1-%-n-2 i
:n_ n_+E:2n3+3n2+n:n(2n2+3n+1):n(n+1)(2n+1)

3 2 6 6 6 6

&o; 2 n(n+1)(2n+1)
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Derivation of formulafor A !
i=1

n n+l n
a (i (i +1) =ai*=ai* +(n +1)4 - 1* (from property of summation) (1)
i=1 i=2 i=1
but: a (i+1)" =4 (i*+4i° +6i* +4i +1) )

i=1 i=1
from RHS of (2) and substitutingé i’ = n(n +1)6(2n+1) é i= n(n2+ Y and a 1=n:
i=1 i=1

al +4a| +6a| +4a|+a1
i=1 i=l i=1 i=1 i=1

i=1 i=1

equating RHS of (3) and RHS of (1):

an i +4én i3+6n(n+1)é2n+]) n(n2+1) +n—\a\ (n+1)"-1*
i=1 i=1 i=1

after rearranging:

v 1. .

ai :Zgn+1)4- 1- n- 2n(n+1)- n(n+1)(2n+1)d

i=1

— 1 A 4 3 2 2 3 2 )
—Zgn +4n° +6n +4n+\x)-\x- n- (2n®+2n)- (2n®+3n”+n)d
:%gn“ +4n° +6n” +4n- n- 2n° - 2n- 2n°- 3n*- nj

2 2 2
:%gf‘+2n3 +nZH:nZgn2 +2n+ 1y= n(n+1)”

n 2
Thus § i° = _n(n+1°
2 4
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Derivation of ageneral formulafor A ! , where kKl N
i=1

In general we see that to find the formula for power k we need to use é (i + 1)k+l
i=1
Using similar arguments as on the first two pagesand using property of summation:

i“t+(n+1)""- 1 )

Qoo

én. (l +1)k+1 :glik+l -
i=2

i=1 1

To make the derivation look better lets define S;[n] to be é il
i=1
Using Binomial Theorem (see next page for definition) on LHS of (1):
3 aéﬂl (k+1)! ;00
n = 2
Salnl=a ca W u 2

i=1@j=0
Using the fact that we can interchange the summations:

k+1a&>” 2 (k+D)! ub

Salfl=aca e——71 gt ©)
: _og.le(kﬂ DT
|
Since % is constant with respect to i, then we can pull it out from the inner sum:
D!

k+1& (k+1)| én Jl:lo

A S - 4
Salll= a_loe(k+1 D'EL le @
But gg; ijg, S,[n], isthe sum formulafor power j; (4) becomes:
i-1 U
k+1ae (k+1)! 0
-~ 7 S[n= 5
Scalnl = _08(k+1 DI ,[n]!.a (5)

But we are looking for S [n] and since the formula (5) dependson S[n] and S ,,[n] (look at the
summation limit) we would like to pull them out of the sum; (5) becomes:

5lae (k+1)! sin 0 (k+D)! (k+1)!
ez 05 e Yom T Rs - - ey !
slee (k+1)! o 0, (k+1)! (k+1)!
A g o T S Sl
:5?%5“ 2+ (kD8I + Sl =3 (i+1)" ©)

equating LHS of (6) and RHS of (1):

Sl (k+1)! 0] 3 . K+ k+1
——————S[n+(k+DS[n+ S, [n=qi " +(n+l) -1=S,[n+(n+1) -1
eog(k+1- DIl il ]fa (k+DS[nl+ Sealn] ia:1 (n+1) Sealrl+(n+1)
rearranging:
(kK+DS [N+ Snfn] = Sk +(n+1)" - 1- § 2 KD o10
' " o&(k+1- I
and finally dividing by (k+1) and using Binomial Theoremon (n+ 1)k+1

k+1ae (k+D! 6 ) e (kD o0
£ i = CEE R Y (s S T

=1 k+1




Binomial Theorem

Binomial Theoremgives a general polynomial expansion for (a+b)":
3 n!
a+b n_ Q a.n- kg k
( ) ka:0 (n- k)'k!

(n! is called factoria of n, for definition seethe bottom of the page)
The theorem is usually proved using induction and the proof is not included here.

Examples of use of Binomia Theorem:

! ! !
(a+b)? =2 g2 e 2 p2ap=g?edab+p?

"~ (2- 00! (2- 1) (2- 2)12!
(a+b)® :La"" %° +ia3'1bl+ia3'zoz+ia3'3b3 =a’+3a’b+3ab’ +b’
(3-0)!0! (3- 1)!1! (3-2)12! (3-3)13!
Factorials

n! iscaled afactorial of n and is defined as follows:
n! = nx(n-1)x(n-2)x...x(1) for n>0

Example 3!=3XX1.=6

Some properties of factorias:
n'=nx(n- D!

1=1

0'=1

(-x)!'=0, where x>0



